Supersymmetric Chern-Simons Theory and Supersymmetric Quantum Hall Liquid 
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We develop a supersymmetric extension of Chern-Simons theory and Chern-Simons-Landau- 
Ginzburg theory for the supersymmetric quantum Hall liquid. Supersymmetric counterparts of 
topological and gauge structures peculiar to the Chern-Simons theory are inspected in the super- 
symmetric Chern-Simons theory. We also explore an effective field theoretical description for the 
supersymmetric quantum Hall liquid. The key observation is the the charge-flux duality. Based on 
the duality, we derive a dual supersymmetric Chern-Simons-Landau-Ginzburg theory, and discuss 
physical properties of the topological excitations in the supersymmetric quantum Hall liquid. 



I. INTRODUCTION 

In recent years, concepts of quantum Hall effect 
(QHE), which was believed to be formulated only in 
two-dimensional space, have been dramatically changing, 
initiated by the success of the construction of the four- 
dimensional QHE [1]. Since then, further generalizations 
of the QHE have been explored, in even higher dimen- 
sions [2-6] and in g-dcformcd systems [7] . More recently, 
inspired by the developments of the non-anticommutative 
geometry [8-10], supersymmetric (SUSY) extensions of 
QH liquids were proposed on noncommutative superman- 
ifolds, such as a fuzzy supersphere [11] and a noncom- 
mutative superplanc [12]. The analyses of the SUSY 
QHE revealed some of the novel physical consequences 
of the non-anticommutative geometry. The SUSY QH 
liquids exhibit natural SUSY counterparts of the math- 
ematical and physical features peculiar to the original 
QH liquids, for instance, noncommutative geometry, frac- 
tionally charged excitations. Hall orthogonality and Woo 
symmetry. The SUSY Landau problems on other anal- 
ogous noncommutative supermanifolds, such as fuzzy 
(^p{n\m)^ were studied in Rcf.[13], a higher SUSY Lan- 
dau problem was also reported in Ref.[14], and a SUSY 
extension of the QH matrix model was constructed in 
Ref.[15]. 

One of the most amazing incidents of QHE is the emer- 
gence of the Chern-Simons (CS) topological field theory 
in a low energy sector. The CS flux attachment to elec- 
trons induces the statistical transmutation from fermion 
to (composite) boson, and the QH states arc regarded 
as "superfluid" states of composite bosons. The Chern- 
Simons-Landau-Ginzburg (CSLG) theory describes low 
energy phenomenology in the QHE [16-18]. Apart from 
relations to QHE, the CS theory is important of its own 
right in a field theoretical point of view [19]. It is quite 
interesting that such a novel field theory appears from 
mysterious many-body effects, and well describes collec- 
tive phenomena of a real condensed matter system. 

In this paper, we develop a SUSY extension of the CS 
theory and CSLG theory with OSp{l\2) global symme- 
try. The SUSY CS theory demonstrates natural SUSY 



extensions of the topological and gauge features peculiar 
to the original CS theory. We also explore the CSLG 
description for the SUSY QH liquid. We show the exis- 
tence of the charge-flux duality in the SUSY QH system, 
and derive the dual representation for the SUSY CSLG 
theory. Based on the dual description, physical proper- 
tics of the topological excitations in SUSY QH liquids 
are discussed. 

This paper is organized as follows. In Section II, 
we briefly review the mathematical background for the 
SUSY QH liquid. In Section III, we present a Lagrange 
formalism of the one-particle mechanics on a supersphere 
in the presence of the supermonopole background. In 
Section IV, the SUSY CS theory is constructed and its 
field theoretical properties are inspected. In Section V, 
the charge-flux duality in the SUSY system is explored. 
With the use of the dual SUSY CSLG description, we 
discuss physical properties of the topological excitations. 
Section VI is devoted to summary and discussions. In 
Appendix A, several useful formulas on supermatrix are 
summarized. In Appendix B, we present the super Jacobi 
and Bianchi identities. 



II. THE SUPER HOPE MAP AND THE 
SUPERMONOPOLE 



In this section, we review the super Hopf map and 
the supermonopole [20, 21] used in the set-up of the 
supersymmetric QH liquid. First, we introduce the 
05*^(112) supergroup, whose generators are given by 
la {a = x,y,z), which are Grassmann even, and la 
{a = 61,62), which are Grassmann odd. They satisfy 
the following graded algebras: 



, Ih 



1 



{la, Iff} — -^{CcTa)al3la- 



(2.1a) 

(2.1b) 

(2.1c) 
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The fundamental representations of the 05^(112) gener- 
ators are given by 



In 



1 fcTa 

2 I 



In 



1 







2 V(^^^") 







(2.2) 



where {ctq} are Pauh matrices, C is the charge con- 
jugation matrix given by C = ia2 and ri = (1,0)*, 
T2 = (0,1)*. The general element of the OSp{l\2) su- 
pergroup (strictly speaking UOSp{l\2) supergroup), is 
parameterized as 



V u* rju* -\- ifv 
1] —rj* 1 — ifrj 



(2.3) 



where u and v are Grassmann even complex parameters, 
is a Grassmann odd parameter, and they are chosen 
to satisfy the constraint u*u + v*v — rj*rj = 1. With 
this constraint, one may see that g satisfies the following 
conditions 



sdet(g) = u*u -\- v*v — ifrj = 1 



(2.4) 



the supersphere is given by the coset S*^'^ = 
C'S'p(l|2)/;7(l), and U{1) fibre is defined on S^^'^. The 
connection of the U{1) fiber is given by 

A = -istrikg^dg) ^ -~i^{il;idip - dip^ip), (2.11) 

where tp^ = {u* ,v* ,~r]*). Under the U{1) transforma- 
tion (2.9) or (2.10), as expected, A is transformed as 



A^ A + da. 



(2.12) 



Inverting the super Hopf map (2.8) from (x^, 9a) to iJj, 
the super Hopf spinor is expressed as [21], 



/ 



4(1 + 2-3) 



0ce 



Xi+iX2 



ece 



(1 +a;3)e'i + (xi + ix 



2 0-2 



\ 



(2.13) 

Using this explicit form, the supcrmonopolc gauge fields 
A = dxaAa + dOaAa are calculated as 



and 



9^9 = 99^ ^ 1- 



(2.5) 



The definitions of the super-determinant sdet, and the 
super-adjoint % arc given by Eqs.(A2) and (A3), respec- 
tively. (Our definition of the super-adjoint is different 
from the conventional one.) 

The super Hopf map is given by the mapping from 
OSp{l\2) clement g to the coordinates (xa,6'Q) on the 
supersphere S"^!^ 



9 9h9^ = XaL + iCapdah- 



(2.6) 



Taking square and supertrace on both sides (See 
Eqs.(A4) and (A5)), it is easily checked that {xa, Oa) sat- 
isfy the constraint 



(2.7) 



which defines the supersphere with unit radius. With the 
use of the Hopf spinor i/j = (u, v, rjY, {xa,Oa) in Eq.(2.6) 
are concisely represented as 



Aa 



I Xb 



1 + J±^ece 



l + X3\ 2(1 + 2:3) 



Aa = -~i-{<JaC)al3Xa0l3, 



(2.14a) 
(2.14b) 



with 1 = 1. The supermonopole gauge fields with quan- 
tized charges take the same form as Eqs.(2.14) with the 
integer /. With the use of super gauge fields (2.14), the 
supermonopole field strengths are obtained as 



Fab = ^eabcXc (^1 + ^OCe^ , 

Faa = -i^iSab - 3XaXb){0abC)a, 



FafS = -iIiaaC)apXa[l + -ece 



(2.15a) 
(2.15b) 
(2.15c) 



where we used the definition of the super field strengths 



Fab = daAb- dbAa, 
Fa0 = daA(} + dpAa. 



(2.16a) 
(2.16b) 
(2.16c) 



Xa = 2'lpUai>, 
9a = ~~2i'lpHa'^, 



(2.8a) 
(2.8b) 



III. ONE-PARTICLE ON THE SUPERSPHERE 
IN THE SUPERMONOPOLE BACKGROUND 



where tp^ = {u* ,v* ,?]*). Since {xa,9a) arc invariant 
under the U{\) transformation 



9-^ 9-e 



(2.9) 



or 



Before discussing the many-body system, we consider 
one-particle mechanics on the supersphere with unit ra- 
dius in the supermonopole background. The super- 
monopole is set at the center of the supersphere. The 
one-particle Lagrangian is given by 



(2.10) 



^ = y (ia + Capeaep) + XaAa + OaAa " V, (3.1) 
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where V is the external electric potential, {Aa,Aa) are 
supermonopole gauge fields (2.14), and {xa,Oa) satisfy 
the constraint (2.7). Introducing a Lagrange multiplier 
A, the equations of motion are derived as 

mXa = FabXb - Faada + Ea + XXa, (3.2a) 

m0^ ^ Ca(3{FapXa + Fp^e^) + Ea + X9a, (3.2b) 

where Ea = -daV, Ea = Capd/sV, and {Fab, Faa, Fajs) 
are supermonopole gauge fields (2.15). From Eqs.(2.7) 
and (3.2), A is eliminated as 

A = -mixl + CapLOp) - [EaXa + CafiEaep). (3.3) 

Inserting this explicit form of A to Eqs.(3.2), we obtain 
selfcontained equations of motion. Though it is quite 
nontrivial to solve such nonlinear equations, we may dis- 
cuss local motions of the particle of our interest. 

The centcr-of-mass coordinates (XqjGq) are defined 

as 



Xa ^ , 



0Q j-^a-j 



(3.4a) 
(3.4b) 



where (A^, Aq.) represent the 05*^(112) angular momenta 
of the particle 



Aa = m€abcXbXc + i-^Oa{craC) a/lO p , 



(3.5a) 



Aa = i — Xa{(Ja)l3aQp " i^^/sic^a) PaXa- (3.5b) 

In the lowest Landau level (LLL) limit (which is realized 
at TO — > 0), the particle coordinates {xa,Oa) are reduced 
to the center-of-mass coordinates {Xa,Qa)- With the 
use of Eqs.(3.2), the constraint (2.7), and its derivative 
XaXa + CapdaOp = 0, the vclocities of the center-of-mass 
coordinates are derived as 



Xa — —-Z^abcXbEc — a{l7 aC) apE p , 



(3.6a) 



6a = -i^{(^a)l3aXaEp + i^{(Ja) (SaO pEa ■ (3.6b) 

In the presence of the magnetic field, a charged par- 
ticle performs a drift motion, where the centcr-of-mass 
coordinates move perpendicularly to the direction of the 
applied electric fields. From Eqs.(3.6), we confirm such 
orthogonality in the SUSY sense: 



EaXa + CapEaQp = 0. 



(3.7) 



Meanwhile, from Eqs.(3.2), the particle velocities and the 
electric fields are related as 

EaXa + CapEaOp = m{XaXa + C'apdaOp). (3.8) 

In the LLL limit, from Eq.(3.8), one may find the super 
Hall orthogonality 



EaXa + CapEaOp = 0, 



(3.9) 



which is consistent with the one obtained in the SUSY 
noncommutative formalism [11]. 

Without electric fields, from Eqs.(3.6), the velocities 
of the center-of-mass coordinates vanish 



= e„ = 0, 



(3.10) 



and, from Eq.(3.8), the accelerations and velocities be- 
come orthogonal 



XaXa + CapdaOp = 0. 



(3.11) 



Under the perpendicular magnetic field, a charged parti- 
cle performs a cyclotron motion around its center-of-mass 
coordinates due to the Lorentz force. Equations (3.10) 
and (3.11) demonstrate this observation in the SUSY 
sense. 

In the planar limit (2:3 w 1), the one-particle La- 
grangian (3.1) is reduced to 

= -y + CapOaOp) - ^EijXiXj - iB{<7i) apO aO p , 

(3.12) 

where B — 1/2. The canonical momenta arc obtained as 



9 , . B 

Pi = -7:. — ^ — mxi ^iiXj 

^ dx, 2 ^ ^ 



(3.13a) 



Pa = ^r^-E = mCapOp - iB{ai)apOp- (3.13b) 

In the LLL limit, from the commutation relations 
[xi,pj] = iSij and {O^^pp} = iSap, we obtain the algebras 
on the noncommutative superplane 



{&a.dp] = - — {ai)ap- 



(3.14a) 
(3.14b) 



These SUSY noncommutative algebras bring novel 
physics to planar SUSY quantum Hall systems [12]. 



IV. SUSY CS THEORY 

It is well known that CS theories are defined in spaces 
with odd dimensions. With the CS coupling constant k, 
the CS Lagrangian in 3-dimensional space is given by 



^CS = -^^abcAaFbc- 



(4.1) 



In the following, we modify Ccs to be invariant under 
the 0S'p(l|2) global supersymmetry. 

As a preliminary, we summarize the OS'p(l|2) trans- 
formations of the super gauge fields. The derivative ex- 
pressions for the 05*^(112) generators are 



-ieabcXbdc + ■^Oa{cra)apdp, 



(4.2a) 



La = ^Xa{Caa)apdp - p{aa) pada- (4.2b) 
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With the use of the Grassmann odd generators Lq., the 
super charge is constructed as 

Q = ^a^a, (4.3) 

where are Grassmann odd parameters. The super 
transformations of {Xa,Oa) read 

S^Xa = [Q,Xa] ^ ^Oaat (4.4a) 

S^Oc. = ^XaiCaaOc.- (4.4b) 

Similarly, the super gauge fields and the super field 
strengths are transformed as 

S^Aa = -^Aa{Ccra)a0S.i3, (4.5a) 

5^Aa = ^AaiaaOc, (4.5b) 

and 

S^Fab = -^Fa^iCatOa + (C(T,Oc. , (4.6a) 

^Fac. = IPabiabOa + ^F^piCaaOp, (4.6b) 

S^FaP = -^Faa{(JaOl3 ~ ^Fap{aa£,)a- (4.6c) 

It is noted that 12-dimensional representations 
(Fat, Faa, F^p) are not irreducible representations but ir- 
reducibly decomposed into 7® 5 representations. The 5- 
dimensional irreducible representations (^07^0,), which 
we call the super vector field strengths, are constructed 
as 

Fa = ^SabcFbc + i'^{Caa)apFap, (4.7a) 

Fa, = -l^iCaa)o,l3Fal3. (4.7b) 

It is easy to check that, under the super transformations 
(4.6), {Fa, Fa) form a super multiplet 

6^Fa = ^Fa{<JaOc., (4.8a) 

S^Fa = ^FaiCaaOc., (4.8b) 

and satisfy the scalar super Bianchi identity 

daFa + = 0, (4.9) 

where we used the identities tabcdaFbc ~ and 
{C(Ja)ap{2daFpa " daFafs) ~ 0, which are obtained from 
the super Bianchi identities (B2) and (B4). 

From the inner product of {Aa,Aa) and {Fa, Fa), an 
05*^(112) singlet is constructed as 

JO-sCS = ^{AaFa + AaFa), (4.10) 



which we adopt as the SUSY CS Lagrangian. In terms 
of {Fab, Faa, Fa[3), ^sCS IS rewritten as 

^sCS 

= -^{^abcAaFbc — i{C CT a) at3AaFaf3 + - (CCTq )q^ AqF^^) 

= '^{(-abcAadbAc - ^{C(Ja)aflAadaAp + 1 (CtTa)a/3^a9^j ) 

+ (total fermionic derivative term). (4.11) 

Though either term in Lscs is not 05^(112) singlet, Lscs 
is invariant in total. To respect the 05^(112) global sym- 
metry, the basespace for the SUSY CS Lagrangian is 
given by M^l^, whose volume element is cPxd?9. Thus, we 
have obtained the SUSY CS action invariant under the 
05*^(112) super transformation, while it is not invariant 
under general super coordinate transformations. Namely, 
the form of our SUSY CS action critically depends on the 
particular choice of the coordinates and the background 
manifold. Then, in this sense, our SUSY CS theory is 
not a topological field theory on supermanifolds. (Topo- 
logical field theories do not depend on the background 
metric and are invariant under general coordinate trans- 
formations.) However, our SUSY CS theory still inherits 
topological natures peculiar to the original CS theory and 
manifests them in a SUSY sense as we shall see in Subsec- 
tions IV B and IV D. Some comments are added further. 
One may find "various kinds" of SUSY CS theories in 
literature. For instance, in Ref.[22], the SUSY CS the- 
ory is referred to as the CS theory with OSp{l\2) gauge 
symmetry. In Ref. [23], the SUSY CS theory is referred 
to as the CS theory coupled to super matter currents. In 
the above, we derived a new SUSY CS Lagrangian, which 
possesses the OSp{l\2) global supersymmctry. The ma- 
trix analogue of our SUSY CS Lagrangian is found in 
Ref. [24], where the SUSY CS term plays a crucial role 
for the realization of fuzzy superspheres in the superma- 
trix model. In the following subsections, we investigate 
field theoretical aspects of our SUSY CS theory. 



A. U{1) gauge symmetry 

The original CS Lagrangian (4.1) is invariant under the 
U{1) gauge transformation up to a total derivative term. 
Similarly, under the U{1) gauge transformation with the 
gauge function A 

{Aa,Aa) > {Aa,Aa ) + {daA,daA), (4.12) 
Cscs only yields the total derivative terms 

SCsCS = '^{da{AFa) + da{AFa)) 

= j{da{AeabcFbc) - ida{A{Caa)apFap) 

+ '-da{A{Caa)apFaf3)), (4.13) 
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where the scalar Bianchi identity (4.9) was used. Thus, 
Cscs is invariant under the U(\) gauge transformation 
when the boundary contributions are neglected. 



B. Coupling with matter 

Next, we investigate the SUSY CS theory with matter 
fields, by adding the interaction term 



(4.14) 



to CsCSi where ( Ja, Ja) are the matter currents that form 
a super multiplet 



(4.15a) 
(4.15b) 



The equations of motion for SUSY CS fields are given 
by 

= ~Ja, (4.16a) 

KFa = - Ja. (4.16b) 

It is obvious that the current conservation 

daJa+d^Ja^^O (4.17) 

is compatible with the scalar super Bianchi identity (4.9). 
Regarding the 3rd bosonic axis as the temporal direction, 
we consider point particles coupled to the SUSY CS fields 
in Wick-rotated Euclidean super space-time R'^'^. The 
Lagrangian is given by 

i - E fd^xd'e Ci+ (d^xd?e Cscs, 

p J J 

(4.18) 

where (xf , 9^) {i = 1, 2) denotes the position of the p-th 
particle, and the matter currents are 

J^{x, 0)^J2 '^aS'^i'^ - - (4.19a) 

p 

Jo.{x,B) = ^ei5'^{x - xP)5'^{B - QP). (4.19b) 

p 

The equations of motion for the p-th particle arc derived 



m0i = C^p{Fapxl+Fp^eP) 



(4.20a) 
(4.20b) 



With the use of Eqs.(4.16), the equations of motion 
(4.20) are reduced to those of the free particle 



ei = 0. 



(4.21a) 
(4.21b) 



Thus, the SUSY CS gauge fields never affect the dynam- 
ical motion of the matter particles in bulk. This is a 
consequence of the topological nature of the SUSY CS 
theory. 



C. SUSY Hopf term 

The phase interaction between two anyons is described 
by the non-local Hopf term 



C 



Hop} = 



1 

2k 



(f'x I <fy eabcJa{x)^ — ^Jciy) 



\x - y\' 



2k d^' 



(4.22) 



where {ed)ab = ^abcdc, d"^ = and Ja represents the 
anyon current. Introducing the CS gauge fields, the 
Hopf interaction is rewritten as the CS local interaction 
^AedA + AJ. (Integrating out the CS fields, we obtain 
the Hopf term (4.22).) The Hopf term corresponds to 
the topological invariant of the two closed (anyon) loops, 
known as Gauss linking number. It would be quite in- 
teresting to see the SUSY extension of the Hopf term by 
integrating out the SUSY CS gauge fields in the SUSY 
CS Lagrangian. For later convenience, we rewrite the 
SUSY CS Lagrangian in matrix representation 



^ — ^sCS + 

t 

X 



.23) 



where Aa and Ja represent the bosonic gauge fields and 
the bosonic currents, respectively, while Aa and J7q rep- 
resent the fcrmionic ones. The matrix X is given by 



X 



M P 

-P* N 



(4.24) 



— ^abcdc ^(Caa)a(}da 

Because of the existence of the U{1) gauge freedom 
(4.12), with any smooth function A, the zero-mode equa- 
tion of X holds 



(4.25) 



Then, when we take the inverse of X, the U{1) gauge free- 
dom needs to be fixed by restricting the function space 
in which X does not have its zero-mode. For instance, 
we may apply the super Lorcntz gauge 

daAa + CapdaAp = 0, (4.26) 

or the ordinary Lorcntz gauge 

daAa = 0. (4.27) 

Integrating out the super gauge fields {A, A) in Eq.(4.23), 
a SUSY extension of the Hopf term is obtained as 



C 



sHopf 



2k \J) X \-J 

t 



1 J 



_ M MP^\ (J 

2k \J ) \jjP'M -N J \J 
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where M, N are given by 



D. SUSY Maxwell-Chern-Simons theory and 
topological masses 



M 



N 



N + P'jjP' 



(4.29a) 
(4.29b) 



See also the formulas (A6) and (A8) about the inverse 
of the supermatrix. Expanding M and N in terms of 
Grassmann odd quantity P, CsHopf is simply rewritten 
as 



^sHopf 

2k \J 



J LpJ_ptJ_ 

J. P* J_ 

M 



N 

J_ ^ J_ ptj_pj_ 

N ' N-^ N 



(4.30) 



Because of the nilpotency of the Grassmann number, 
terms more than quadratic about P do not appear in the 
expansion. In the original derivative expression, block 
components of are represented as 



1 11,1 

P—P^ — 

M M N M 



ah 



92 2\d^-)^,d6 do' 



(4.31a) 



N N M N 



a(3 



da .{ { CTada \ r<\ ^ r< ^ 



(4.31b) 

Yl^]^ = -^"'>c{<Jd'Jb)a0^^df3, (4.31c) 

Y^'y) = -^^bci'Jd<Jb)c.f3^^dp, (4.31d) 
/ aa 



where ^ = fj, 92 ^ dl 5^(6) = \6Ce, {ed)ab = e^bA 
and we used the Lorentz gauge (4.27) to obtain ^ = 
— The identity matrix 1 corresponds to 5'^{x)5'^{9) 
in the function sense. Since each inverse matrix per- 
forms one integration in the parameter space, the SUSY 
Hopf term is expressed by highly non-local interactions. 
For instance, the second term on the right-hand side in 
Eq.(4.31a) contains (ed/d^)^, which performs x-space in- 
tegration 3 times. The fcrmionic terms in CsHopf are re- 
garded as newly induced phases by the fcrmionic gauge 
field A. As the topological charge of the supermonopole 
is given by that of its bosonic counterpart [20], we may 
define the knot invariant of the SUSY Hopf term by its 
original Hopf term which appears as the first term in 
Eq.(4.31a). 



The inner product of the super vector field strengths 
{Fa, Fa) gives an 05*^(112) singlet 

1 



M 



2e 
1 



= ^^^(^at + ■^^abciCac)iFabFai3 + FaaF^p) 

+ -^CapFaaFap + -^C alsC^sFa-^Fps) , (4.32) 

which we adopt as the SUSY Maxwell Lagrangian. The 
SUSY Maxwell-CS Lagrangian is constructed by the cou- 
pling of CsM and Cscs- 

1 K 

■ CsMCS = ^TT^i^a + CafjFaFp) + —{AaFa + AaF^). 



2e 



The equations of motion are derived as 
1 „ ^ .3 . „ „ 1 



(4.33) 



^dbFba — i-^£abciCac)al3dbFal3 — -^CapdaFa/S 



l^fabcFbc + i-^{Ccra)apFap, 



(4.34a) 



3 1 

'i-^£abc{C(Jc)apdf3Fab — (9a-Fa/3 + C^sdjFps) 

= tK{Caa)al3Fa0. (4.34b) 

With the use of {Fa, Fa), Eqs.(4.34) are simply rewritten 
as 

^eabcdbFc - ^{CaaC)ai3daFp = -2KFa, (4.35a) 

-^{CaaC)apdaFi3 + -^{C a a) apO pFa = ~2KFa. 

(4.35b) 

It is well known that the CS term coupled to the 
Maxwell Lagrangian induces a topological mass to gauge 
fields. The mechanism is intuitively explained with the 
use of the analogy between the Maxwell-CS mechanics 
and the particle mechanics under magnetic field [25] . The 
CS term acts as "Lorentz force" in Maxwell-CS mechan- 
ics, and yields a cyclotron frequency which corresponds 
to the gauge mass in Maxwell-CS field theory. Here, we 
perform similar analyses in the SUSY Maxwell-CS the- 
ory. For this end, we treat the 3rd bosonic coordinate as 
the temporal direction, and work in the super space-time. 
In a low energy limit, the spatial derivatives of the gauge 
fields are dropped and the super vector field strengths 
are reduced to 



F, 



Eij A j , 



:(o-i)q/3A/3, 



(4.36) 



and the Lagrangian for the SUSY Maxwell-CS mechanics 
is obtained as 



1 



\2 



LsMCS = '^^i 



1 



^CaflAaAfS 



'^eijAiAj + '^i{ai)apAaAp. 



(4.37) 
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The equations of motion (4.34) become 



field strengths: 



Aa = -2ie^K{a-i)apAf). 



(4.38a) 
(4.38b) 



Ja<~^ Fa ^ ^eabcFbc + i^[C (Ja)al3Fal3 , (5.4a) 



LsAics is formaUy equivalent to the one-particle La- 
grangian on the superplane (3.12) with replacement 



iA„A^) (x,,2C„^6i^), 

— ^ 1/m, 
K -B. 



(4.39) 



From Eqs.(4.38), the cyclotron frequencies in SUSY 
Maxwell-CS mechanics are given by wb = e^/c and 
ujf = 2e^K, which, respectively, correspond to the topo- 
logical masses for the bosonic and the fermionic gauge 
fields in the SUSY Maxwell-CS field theory. 



V. THE SUSY CSLG THEORY AND ITS DUAL 
REPRESENTATION 

In this section, we present an effective field theory for 
SUSY QHE. We explore the charge-flux duality in the 
SUSY QH system, and construct its dual description, 
where topological solitons arise as fundamental excita- 
tions. Based on the dual SUSY CSLG description, we 
discuss physical properties of topological solitons on the 
SUSY QH liquid. Since we deal with the spinless matter 
fields, the topological solitons are realized as the SUSY 
extension of vortices. 



A. Charge-flux duality 

For the existence of the charge- fiux duality, space (- 
time) dimension is crucial. In general dimensions, the 
field strengths behave as 2-rank antisymmetric tensor, 
while in 3-dimensional space, thanks to the existence 
of the 3-rank antisymmetric tensor, the 2-rank field 
strengths are mapped to the 3-vector field strengths 



Fa i^^abcFhc- 



(5.1) 



Then, in 3-dimensional space, there exists one-to-one cor- 
respondence, called the charge-flux duality, between 3- 
vector currents and 3-vector fleld strengths 



Ja^Fa^ ^eabcFbc, 

or, in their components, 

(p, JO ^ {B,E,). 



(5.2) 



(5.3) 



Ja ^ Fa = -'-{Caa)af3Fa0. 



(5.4b) 



Based on this one-to-one relation, we introduce the dual 
CS field strengths {Fa,Fa) 

Fa = ^eabchc + «^(Ccra) a/3 -Fa/3, (5.5a) 



Fa = —-^iCaa)a0Fal3, 

to match the super matter currents 

F — — 7 



(5.5b) 



(5.6a) 
(5.6b) 



In the SUSY case, there exists an analogous correspon- 
dence between super vector currents and super vector 



Since {Fa, Fa) satisfy the super Bianchi identity daFa + 
da Fa ~ 0, Eqs.(5.6) are compatible with the current con- 
servation daJa + daJa = 0- With the use of the original 
and the dual CS fields, the SUSY CS Lagrangian is ex- 
pressed as 

C = CsCS + 

= '^{AaFa + AaFa) - AaFa ~ AaFa 

= ■^{'^abcAaFbc — i{Caa)al3AaFal3 + - (C'fTa )q/3 ^0-^0/3 ) 
" -^^abc^aFbc + -^{C(Ja)al3AaFaP ~ -^Co^^ap-^aFaji- 

(5.7) 

Integrating out the original CS fields {Aa, Aa\ we obtain 
the dual CS Lagrangian 

IsCS ^ -^{AaFa^ AaFa) 

1 _ . _ _ i ^ _ 

= —-;;-{,^abcAaFbc — iiCaa) afiAaFafj + - (CCa )a/3^aJ'a/3 ) ■ 
4k Z 

(5.8) 

Since the CS coupling constant in C^cs is opposite to 
that in Cscs, the charge-fiux duality is restated as the 
s-dual transformation of CS coupling. 



B. Relativistic SUSY CSLG theory 

Before detail discussions of the nonrclativistic CSLG 
theory for SUSY QH liquid, it would be worthwhile to 
explore the relativistic formulation of SUSY CSLG the- 
ory. We regard the 3rd bosonic axis as the temporal 
direction, and deal with a covariant SUSY CSLG theory 
in the Wick-rotated super space-time R-^'^. The essential 
features of duality can be found in this relativistic for- 
mulation. We introduce an complex scalar field coupled 
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to the SUSY CS fields as 

CcSLG = {da + iCa)(t)* ' (<9q - *Ca 
+ Capida + iCa)(j)* ■ {dp - ic^ 

+ T—{^abcCafbc ~ i{C(Ja)apCafal3 + -z{^ ^ o-) a^Cafap) , 

(5.9) 

where we denote the SUSY CS fields as (cq, Cq), and their 
field strengths as {fab, faa, fap)- The field equation for 
(j) is given by 



Integrating out the smooth function 9, we find the current 
conservation law daJa+daJa = 0- We introduce the dual 
CS fields (ca, Cq) based on the relation (5.6), and rewrite 
the total Lagrangian Ccslg as 



C-CSLG = 'i.'nCaJa + 2'KCaJa - Cafa ^ Cq/, 
K . , . . 1 



-^{Cafa + Cq/q) - -T-(/a + Ca/sfafp), 

on ibp 



(5.18) 



{da - iCaff/) + Ca(3{da - iCa){di3 - iCf3)(f) = 0. (5.10) 

We decompose the complex scalar field into the density 
part p and the phase part x as 



Vpx- 



(5.11) 



With the use of this decomposition, the kinetic term for 
(j) is rewritten as 

= p[{iX*{da - iCa)xf 

+ Cap{ix*{da + ica)x ' «X* (5/3 " ic^;)x)], (5.12) 

where we postulated the density fluctuations are very 
small. With the use of the Stratonovich-Hubbard trans- 
formation formula [27] , Ck is expressed as 



= {iX*{da - iCa)x) ■ Ja + («X*(c'q " iCa)x) ' Ja 
1 



Ap 



(5.13) 



where {Ja, Ja) are auxiliary fields. If there were not CS 
fields, the equations of motion for {Ja, Ja) would be given 
by 



Ja = i<i)* da(f), 

Ja = iCaf}<P* di3(l). 



(5.14a) 
(5.14b) 



Thus, {Ja,Ja) are essentially the U{1) conserved cur- 
rents. From Eq.(5.9), the equations of motion for (cq, Cq) 
are given by 



Ja - ^Ja, 

J -—f 
Ja - 2^ /a. 



(5.15a) 
(5.15b) 



We further decompose the phase part into the smooth 
part and the singular part (vortex part) ip as 



(5.16) 



where we used a partial integration, and {Ja, Ja) denote 
the topological currents for vortex 



i 1 

Ja = -Tr''abcdb{^*dc^) + — {C ffa) apda{^* dpf) , 

(5.19a) 

Ja = -^{Caa)ap[da{^*dpv) - dp{^*da^)]. (5.19b) 

47r 



Since { Ja, Ja) are topological currents, they automati- 
cally satisfy the current conservation law, daJa + daJa = 
0. 

In the original bosonic CSLG theory, the explicit 
representation of the vortex part tp, is given by 
(p{x) = exp(ia(a;)), where a{x) = J2p'^{^ ~ ~ 

arctan ^^^J^p , and yields the topological charge den- 
sity 



i 1 
p{^) = ~—eijdi{cp*djip) = ~—e.ijdidja{x) 



-J2S'{x-xn, 



(5.20) 



where x^ denotes the position of the p-th vortex. See 
Rcf. [26] for detail discussions. Similarly, in the SUSY 
case, the vortex part ip may be expressed as p{x, 6) = 
exp(m(a;,6')) witha(a;,6l) =Y.^a{x- xP)5'^{e ^ 9^), and 
yields the super topological charge density 



i 1 

p{x) -~—eijdi{ip*d.jp) + —{ai)a(}da{^* dpip) 

ZTT 47r 

= --^eijdidja{x,9) + ■^{<Ji)at3dadf3a{x,9) 

ZTT ZTT 
1 



2tt 



eijdtdja{x, 



and obtain 



^S^{x~xP)S^9~9P). 



(5.21) 



= {daO + i<P*daP + Ca)Ja + {da^ + i<p* daP + Cq) Jq 



T^'^a + GapJaJp)- 



(5.17) 



Integrating out the original SUSY CS fields (Cq,Cq) in 
Eq.(5.18), the dual SUSY CSLG Lagrangian is derived 
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CSLG 



2TrCa Ja + 2TTCaJa ^ ■;^(Ca/a + Cafa) 



1 



{fa + Capfafp) 



16/9 ' 

= 2-KCaJa + 2TTCaJa 

7r.~.l ,~ 

- -^{^abcC-ahc + i-^{Caa)apCafal3 - i{C(Ta)al3Cafal3) 

\ ~ i _ _ _ _ 

- '^(fab + -j^^abc{Cac)al3{fabfaf3 + faafbp) 

+ -^^apfaafaP + -^Ca/sCjsfajfps)- (5.22) 

Thus, CcsLG is equivalent to the SUSY Maxwell-CS La- 
grangian coupled to topological currents. The equations 
of motion for (cq, Cq,) arc derived as 

^eabcdbfc + ^-^{C(Ja)apdaf[l - fa = -4/97rJa, 

(5.23a) 

- -A<ya)afldaff3 + -AcT a) apO f a " ^^/q = -4/97rJa. 

4 4 K 

(5.23b) 

In a low energy limit, the higher derivatives in SUSY 
Maxwell term are neglected, and the dual SUSY CSLG 
Lagrangian is approximated by the super vortex La- 
grangian coupled to the dual SUSY CS fields. Then, re- 
placing vortex with matter, and the CS coupling constant 
with its inverse, the dual SUSY CSLG Lagrangian has 
the same form as the original SUSY CSLG Lagrangian. 
Similarly, in a low energy limit, Eqs.(5.23) are reduced 
to 



fa — 2KJa, 
fa 2kJq,. 



(5.24a) 
(5.24b) 



Comparing Eqs.(5.24) with Eqs.(5.15), one may find that 
the relation between charge and flux in the dual SUSY 
CSLG theory is opposite to that in the original SUSY 
CSLG theory. It confirms the previous observation that 
the s-dual transformation of the CS coupling corresponds 
to the charge-fiux duality. Such dual feature has already 
been reported in the study of the original bosonic CSLG 
theory [16, 17], and our SUSY CSLG theory shares it. 
This may be considered as a manifestation that our SUSY 
CSLG theory provides a natural SUSY framework for the 
original CSLG theory. 



C. Nonrelativistic CSLG theory for SUSY QH 
liquid 

Here, we work in the super space-time again, and con- 
struct the nonrelativistic SUSY CSLG theory on the 
superplane. The magnetic field and the electric fields 



are defined by the super vector fields {Fa, Fa) as B = 
-Ft, E, = Fi [i = 1,2), = Fa. Since the origi- 
nal QH liquid is described by composite bosons coupled 
to CS fields, it would be reasonable to adopt the follow- 
ing nonrelativistic CSLG Lagrangian as the effective field 
theoretical description for the SUSY QH liquid 

^C5LG = r(»9t + Mt)0 



2m 
1 

2m 
1 



Cal3{-ida + SAa)(p* ■ {idf} + M^j)^ 



6p-V-5p 



U 1 

+ —{(-abcCafbc - i{C (J a) afjCaf afj + -{Caa)al3Cafal3), 
<37r z 

(5.25) 

where 4> denotes the composite boson field, 5p ^ p — p 
is the net charge on the background, v ~ 2ttp/B is the 
filling factor, and {5Aa, 5Aa) are the effective gauge fields 
for composite bosons 



5Aa — Aa — Ca, 
SAa Aa Ca , 



(5.26a) 
(5.26b) 



where {Aa,Aa) are the external gauge fields. 

Since ^(fsLG does not possess a quadratic term about 
time derivative, the Stratonovich-Hubbard transforma- 
tions are applied only to quadratic terms about the (su- 
per)spatial derivatives. Except for this step, following 
procedures similar to Sec.VB, the dual nonrelativistic 
SUSY CSLG Lagrangian is derived as 

^cfsLG ~ 2Tr{ — CtJt + CiJi + CaJa) 

- :^(e°''5a(/bc + -Fbc) - l{Ccj'^)a0~Ca{fal3 + -i^a/s) 

+ '-{C<7-')aP~Ca{hp + -Fap)) 
Z TT 

- ^(/^i + -^^ij{C(yi)apftjfal3 

+ ■Y^{C(Ji)ap{Cai)~fsfal3f-tS + -^{Ccr'^a^)apfaafbp) 



-i / 6p-V-6p, 



(5.27) 



where Sp is given by Sp = ^eij{fij + ^F^-j) + 
|(o'i)q/3(/q,/3 -I- -^Fap). Further, we integrate out Ct to 
obtain an effective action for super vortices. The equa- 
tion of motion for ct is given by 



1 



27rp 1 



{df+-C alidad fi)ct = ip (5p)+(higher derivatives), 

4 m V 

(5.28) 

where p = —Jt- Eliminating ct in Eq.(5.27), the density 
excess is given by 



dp — vp. 



(5.29) 



10 



This relation suggests that the super vortex with unit 
topological number carries the fractional electric charge 
J/. Inserting Eq.(5.29) to ^cfsLG ^^'^ extracting vortex 
part, the effective Lagrangian for the super vortex is ob- 
tained as 

Ceff = 2tt{CiJi + CaJa) + ^AfP ~ \^V^ ^ p-V -p. (5.30) 

As expected, the super vortex is coupled to the elec- 
tric potential with coupling v. In a low energy limit 
in which super vortices are approximated as point-like 
objects, Cejf is written as 

4// = 2^^(5fif + 5S^S)-^^, (5.31) 
p 

where (xf , 0^) denotes the position of the p-th super vor- 
tex, and V represents electric interactions between super 
vortices. Since ie// is formally equivalent to the charged 
particle Lagrangian (3.1) with m = 0, the super vortex 
motion is similar to the particle motion in the LLL. The 
equations of motion for super vortex are derived as 

2TT{-fijXj + jiaOa) = Si, (5.32a) 
27r(/iQ,i,; -I- fafjdp) = Ca/jSp, (5.32b) 

where Si = —dtV and Sa = CapdpV. From these equa- 
tions, we obtain the super Hall law for vortex 

SiXi + CapSaOp = 0. (5.33) 

Thus, the super vortex moves perpendicularly to the di- 
rection in which it is pushed. 



The SUSY CS theory discussed in this paper is a 
global 0Sp{\\2) extension of the simplest CS theory in 
3-dimensional space. It would be quite interesting to 
see SUSY generalizations of the CS theory in higher di- 
mensions. Their constructions may be performed based 
on the higher dimensional SUSY Lie group, such as 
05*^(114). Higher dimensional SUSY CS theories may 
have deep connections with supcrtwistor theory, super- 
matrix model in higher dimensions, etc. Because of the 
incompressible property of QH liquid, the low energy 
excitations are confined on the edge, and the QH dy- 
namics is well described only by the edge states. We 
hope to report edge excitations in SUSY QH liquids 
based on the SUSY CSLG theory in a future work. The 
study of the edge excitations may reveal yet unknown 
dynamical properties of the SUSY QH liquid. Since, at 
present, the SUSY QHE provides a unique physical set- 
up whose underlying mathematics are given by the non- 
anticommutative geometry, it would be quite worthwhile 
to accomplish full analyses of the SUSY QHE. Such ex- 
plorations are expected to lead to the deeper understand- 
ing of novel physics in the non-anticommutative world. 
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VI. SUMMARY AND DISCUSSIONS 

We studied SUSY extensions of the CS theory and 
the effective field theory for the SUSY QHE. First, a 
Lagrangian formalism for the one-particle on the super- 
sphere in the supermonopole background was explored. 
The particle motion exhibits a SUSY generalization of 
that on the bosonic sphere in the Dirac monopolc back- 
ground, for instance. Hall orthogonality, cyclotron mo- 
tion and noncommutative geometry. Next, wc con- 
structed a SUSY CS theory with OSp{l\2) global super- 
symmetry. Our SUSY CS theory contains many analo- 
gous properties peculiar to the original CS theory, such as 
C/(l) gauge symmetry, topological mass generation and 
etc. In particular, we derived a SUSY generalization 
of the Hopf term, which is expressed by highly nonlo- 
cal interactions. Finally, the CSLG description for the 
SUSY QH liquid was presented. Based on the duality 
between the super matter currents and the super vec- 
tor field strengths, we derived the dual CSLG theory, 
in which super vortices are coupled to the dual SUSY 
Maxwell-CS gauge fields. It was shown that the super 
vortex carries the fractional charge and the vortex mo- 
tion is equivalent to that of the charged particle in the 
super LLL. 



APPENDIX A: SEVERAL FORMULAS ABOUT 
SUPERMATRIX 



When the supcrmatrix X takes the form of 



Q Nl ' 



(Al) 



(where M and N are Grassmann even matrices, P and 
Q are Grassmann odd matrices) its superdeterminant is 
given by 



sdetX 



det{M - PN-^Q) 
detN 



detM 



det{N - QM^^P) '■ 



and the super-adjoint is defined as 
X 



(A2) 



(A3) 



It is noted that our definition of super-adjoint is different 
from the conventional one. (In the conventional defini- 
tion, the minus sign is placed in front of P^, not Q^.) 
Similarly, the supertrace is defined as 



str{X) = tr{M) - tr{N). 



(A4) 
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For instance, for the fundamental representatfons (2.2), 
the supertraces are calculated as 



1 



Str{lalb) = -^Sab, 

str{lJa) = 0, 

Str{lalp) = --Cap- 



(A5a) 
(A5b) 
(A5c) 



The inverse of X is given by 
/ 1 



M-P-, 



1 

1 n 1 



\ N-Q-tjP^ M 

When X takes the special form 



1 pJ_N 

J-P 1 

M N 
1 

N-Q4tP 



QttP 



X 

its inverse is calculated as 
M 



M P 

-P* N 



(A6) 



(A7) 



N J [NP^jj N 



where M and TV are defined in Eqs.(4.29). 



(A8) 



APPENDIX B: SUPER JACOBI AND BIANCHI 
IDENTITIES 

With arbitrary operators {A, B, C) (any of A, B, C can 
be Grassmann even or odd) , it is easy to check the super 



Jacobi identities 

[[A,B],C] + [[B,C],A] + [[C,A],B]^0, (Bla) 
{[A, B],C} + [{B, C}, A] - {[C, A],B} = 0, (Bib) 
[{A, B}, C] + [{B, C}, A] + [{C, A}, B] = 0. (Blc) 

Substituting {A, B, C) = (Da, Db, D^) (where Da =da + 
iAa) and {A,B,C) = [Da,Db,D^) (where D„ = a„ + 
iAa) to the 1st Jacobi identity (Bla) respectively, we 
obtain the 1st Bianchi identity 



daFbc + dbF,a + drFab = 0, 



(B2) 



and the 2nd Bianchi identity 



daFba + dbFaa + daFab — 0. 



(B3) 



Similarly, substituting {A,B,C) = {Da, Da, Dp) to the 
2nd Jacobi identity (Bib), the 3rd Bianchi identity 



daFafS — daFap — dpFaa — 



(B4) 



is obtained. From the last identity (Blc), with 
{A,B,C) — {Da, Df3, D^), we obtain the last Bianchi 
identity 



daFpj + dpF^a + d^Faf} = 0. 



(B5) 
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